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Abstract: A numerical constitutive model is developed
to simulate the biaxial nonlinear flexural response of slen-
der reinforced concrete members subjected to earthquake
excitation. The model is tested using data from two types
of experiments with reinforced concrete elements: (1) el-
ements subjected to varying pseudo-static biaxial lateral
loads and (2) elements that responded biaxially to sim-
ulated earthquake motions. The goal for the model was
not only to help determine the absolute maxima for earth-
quake response but also to enable calculation of the entire
waveform, including the ranges of low- and moderate-
amplitude response. The comparisons of measured and
calculated results and sensitivity of the proposed model
to variations in the input parameters are discussed. The
output was found to be insensitive to the changes in in-
put parameters related to concrete and sensitive to input
parameters related to reinforcing steel. The results of the
calculations were tested using experimental data.
1 INTRODUCTION
This article describes a numerical model for nonlinear bi-
axial response analysis of reinforced concrete members
subjected to strong ground motion in one or two hori-
∗To whom correspondence should be addressed. E-mail: sozen@
purdue.edu.
zontal directions. Displacement response of reinforced
concrete to forces that vary randomly in direction
and magnitude results from a complex interaction of
the properties of the concrete and the steel and the
bond between them. It is optimistic to expect event
reproducibility. Identical loading histories imposed on
identical elements are unlikely to lead to identical dis-
placement responses. The model has been designed with
a view to balance the quality of the output against the
number of assumptions required for its implementation.
The force–displacement relationships for both concrete
and steel were initially based on the simplest assump-
tions necessary to model nonlinear response. These as-
sumptions were modified only if they produced results
that were unacceptable in relation to experimental re-
sults and the reason for the discrepancy was understood
in terms of material properties.
In the numerical model, the reinforced concrete sec-
tion is represented by a set of nonlinear springs with
appropriate material properties (Figure 1). This ap-
proach demands considerable computational time but
provides convenience and flexibility. It also leads to
time savings in understanding its operation and in
its implementation. Zeris (1986), Sfakianis and Fardis
(1991), and Ricles et al. (1998) have used this tech-
nique. Crack opening, crack closing, softening of con-
crete, the Bauschinger effect, unloading and reloading
C© 2007 Computer-Aided Civil and Infrastructure Engineering. Published by Blackwell Publishing, 350 Main Street, Malden, MA 02148, USA,
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Fig. 1. Representation of the reinforced concrete section by a set of nonlinear springs.
of the reinforcing steel, and changes in the length of the
plastic hinge region along the member can all be modeled
conveniently.
Even though the model is inherently capable of simu-
lating constant or variable axial load, in this study the
cases considered involved flexure only. It is assumed
that the element has sufficient transverse reinforcement
to maintain its strength under stress reversals (Pujol,
2002). The results of the model have been tested using
measurements obtained in static and dynamic tests. The
range of concrete strength covered by the data was from
20 to 48 MPa. Yield stress of steel varied from 410 to
470 MPa.
2 MATERIAL MODELS
Concrete in compression was represented by the Ritter
parabola (Path A-B, Figure 1c) and a linear extension
(Path B-D, Figure 1c), after Hognestad (1951). The un-
loading path was defined to be linear (Path C-F, Fig-
ure 1c) with its slope based on the observations by
Karsan and Jirsa (1969). Initially, reloading was set to
follow the unloading path. Pilot studies indicated that
this approach failed to simulate the observed response.
Compressive stress build-up associated with crack clos-
ing was not a simple phenomenon to be captured by using
the same path in reloading as the one that had been used
in unloading. The reloading (compressive loading after
cracking) slope was modified to recognize closing of the
crack (re-establishment of contact between the bound-
aries of the crack) at a virtual strain lower than that at
which the unloading path crossed the strain axis (Path G-
E, Figure 1d).
Reinforcement was initially modeled by bilinear
curves in tension and compression with three parameters
defining the initial and secondary slopes and the yield
stress. When it was observed that the hysteresis based
on the bilinear curve failed to simulate energy dissipa-
tion at low amplitudes, a different model based on the
Menegotto–Pinto equation (Menegotto and Pinto, 1973;
[M-P]) was adopted. The steel hysteresis model with
M-P curves is illustrated in Figure 1b. Detailed explana-
tions of the material models can be found in Appendix A
and in Do¨nmez (1998).
3 MOMENT–DEFLECTION RELATIONSHIPS
The nonlinear and path dependent character of the
assumed hysteresis relationships for the two materi-
als necessitated an incremental and iterative algorithm.
The algorithm described here is used to calculate the
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Fig. 2. Necessary definitions for the calculation of the incremental deflections for the given incremental moments.
moment increments in a reinforced concrete cantilever
for given deflection increments at its free end. Member
deflection is considered to comprise three components:
deflections attributed to (1) flexure, (2) shear, and (3) slip
of the reinforcing bar. The flexural component is deter-
mined using the curvature distribution along the span of
the “cantilever member” shown in Figure 2a. Curvature
distribution along the span is assumed to vary at differ-
ent rates in the (1) yielded segment and (2) the unyielded
segment. The relationship of moment to curvature at the
section of maximum moment, M2 and ø2, is determined
by the hysteresis model (see Appendix B for details). If
the moment M2 at the base is more than the yield mo-
ment, the location of the yield moment, M1, in the span
is determined directly from statics. The curvature, ø1, de-
notes the yield curvature in Figure 2a. If M2 increases,
the location of M1 moves toward the free end of the can-
tilever. If M2 decreases (after having exceeded the yield
moment), the “yield region,” the distance between the
locations of the moments M1 and M2 is not reduced but
the curvature ø1 is reduced. The “yield region” length
remains unchanged at this stage because of the disin-
tegration of the materials from their pristine condition.
The simplest possible assumption about the variation of
the curvature within the region is made and curvature is
assumed to vary linearly. If the moment M1 is reduced
so that the cracks start to close, the change in curvature
depends on the level of contact and follows the simpli-
fied relation representing the M-ø relation after cracking
up to yield (Figure 2c). A representative summary of the
assumed curvature distributions is given in Figure 3 at
different stages of loading.
The slip of the reinforcing bar is estimated by assuming
a constant development length of 50 bar diameters for
materially coupled and 40 bar diameters for materially
uncoupled members and a uniform bond stress. Materi-
ally coupled refers to interaction between the bending
stresses resulting from loading in orthogonal directions.
The slip is calculated for the reinforcing bar that has the
highest strain in the section. The ratio of the calculated
slip to the distance of the bar from the neutral axis is
assumed to be the rotation caused by slip, θ s. The deflec-
tion component related to slip is obtained as the product
of the rotation θ s and the length of the member.
The shear deflection was calculated assuming a linear,
uncracked reinforced concrete member.
The main difficulty in calculating the incremental mo-
ments for the given incremental deflections of the non-
linear and path dependent moment–deflection relations
arises in finding the appropriate curvature increments.
These are determined by the iterative procedure ex-
plained in Appendix B.
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Fig. 3. Representative summary of the assumed curvature distribution.
4 SENSITIVITY ANALYSIS
A sensitivity study was performed to define the needed
accuracy of the input parameters for applications of the
model. The effects on displacement history were evalu-
ated for the parameter ranges listed in Table 1. The term
“consistent definition” in the table refers to the deter-
mination of the “yield region” consistently by defining
it to extend from the section where the yield moment is
encountered to the section of maximum moment.
The structural element assumed for the sensitivity
study was a cantilever supporting a concentrated weight-
less mass subjected at its base to horizontal components
of the strong-motion record obtained in 1940 in El Cen-
tro, California (California Institute of Technology, 1971).
The record was scaled to have a maximum acceleration of
0.5 g for the north–south component. The east–west com-
ponent was scaled to keep the original ratio of the two
components. The dimensions and the reinforcement de-
tails of the cantilever are presented in Figure 4. The nom-
inal compressive strength of the concrete and yield stress
of the steel assumed for the system were 41.4 MPa (6,000
psi) and 414 MPa (60,000 psi), respectively. The concen-
trated mass at the tip was 6,130 kg. Its initial period was
Table 1
Parameters chosen for the sensitivity analysis
Parameters Reference response parameters Variation
Concrete strength f ′c 0.8 f
′
c and 1.2 f
′
c
Parameters defining “early contact” of concrete 6, 0.2 No “Early Contact” and 9, 0.4
Initial modulus of elasticity of the concrete 4,700( f ′c )
0.5 4,150( f ′c )
0.5 and 5,300( f ′c )
0.5
Yield stress of the reinforcing steel f y 0.8f y and 1.2 f y
Transition parameter of Menegotto–Pinto model 17 12 and 25
Length of “yield region” Consistent definition 0.5∗(Consistent definition)
Bar development length 50 bar diameters 40 bar dia. and 60 bar dia.
0.25 seconds. The system reached a maximum calculated
drift ratio of approximately four times the drift at yield.
Sensitivity of the proposed model was considered in
terms of maximum displacements and the waveform of
the displacement histories. A brief summary of the re-
sults will be provided below. Further information can be
found in Do¨nmez (1998). Based on response sensitivity,
the input parameters considered can be divided into two
groups.
1. The output of the model was found to be sen-
sitive to changes in: (i) the yield stress of the
reinforcing steel; (ii) the transition parameter of
the Menegotto–Pinto model; and (iii) development
length of the reinforcing bars. Variation of transition
parameter of the Menegotto–Pinto model also af-
fected the damping characteristics of the response.
The changes of the absolute-maximum displace-
ments were less than 19%.
2. The output of the model in phases of low response
(low response is characterized as having a drift less
than half of the drift at yield) was found to be sensi-
tive to: (i) concrete strength; (ii) parameters defin-
ing crack closing; (iii) initial modulus of elasticity
for the concrete; and (iv) the definition of the “yield
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Fig. 4. The dimensions and the reinforcement details of the system used in sensitivity analysis.
region” along the column. Changes of the absolute-
maximum displacements were less than 3%.
Typical response sensitivities for the groups men-
tioned above are illustrated for the effect of change in
yield stress of reinforcing steel in Figure 5a and for the
effect of change in concrete strength in Figure 5b. The
sensitivity of calculated response to changes in the first
group of input parameters was strong for maximum-
displacement, waveform, and periodicity. The effect of
the second group of input parameters was weak and lim-
ited to the low-response phases. It is clear that accurate
knowledge of concrete strength is not important for get-
ting satisfactory estimates of the displacement response
at drifts beyond half the drift at yield. On the basis of the
studies made for the sensitivity of the proposed model,
if there is an error of 20% in the estimate of the con-
crete strength, it would affect the calculated maximum
displacement by less than 3% with negligible changes in
waveform and periodicity. On the other hand, an error
of 20% in the estimate of the yield stress of reinforcing
steel would change the displacement response by 15%
with notable changes in the waveform and periodicity.
The choices for the first group of parameters have to be
considered carefully in assembling a model for calculat-
ing response.
5 COMPARISONS OF EXPERIMENTAL
AND CALCULATED RESULTS
The experimental results by Otani and Cheung (1981)
were used for testing the proposed hysteresis algorithm
in the static domain. In the Otani–Cheung tests, rein-
forced concrete cantilevers were subjected to uniaxial
and biaxial bending by application of static forces. The
experimental results by Dragovich (1996) were used for
testing the proposed algorithm in the dynamic domain.
Dragovich subjected reinforced concrete cantilevers to
uniaxial and biaxial bending dynamically (base excita-
tion). In both loading cases, there were no axial loads on
the cantilevers.
5.1 Statically loaded specimens
Data from the Otani–Cheung specimens 5 and 7 were
used for testing the proposed model. The dimensions and
the reinforcing steel configuration of the chosen speci-
mens are given in Figure 6. Specimen 5 was tested under
uniaxial loading and specimen 7 was tested under biax-
ial loading. The displacement paths that the specimens
were forced to follow are presented in Figures 7a and d.
The longitudinal bars of the specimens were welded to
a grid of steel plates at the base at a distance of 20 bar
diameters from the face of the joint. Numerical mod-
eling of the test stopped at a rather large drift ratio
of 6%.
The measured and the calculated force–displacement
relations of Specimen 5 are presented in Figures 7b and c.
To facilitate visual comparison, responses in different
drift-ratio ranges are shown by different line types. Up
to a drift ratio of 1.3%, the curve is represented by a thin
broken line. From 1.3% to 3.0%, the line is solid. From
3.0% to 6.0%, it is broken but thicker.
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Fig. 5. Representative examples of displacement histories for the changes in parameter groups defined.
Comparison of the data in Figure 7 is shown primar-
ily to demonstrate that the model, designed for biaxial
loading, provides a credible representation of hysteretic
response if the action is uniaxial. The comparison of
measured and calculated mean stiffnesses (defined by
the slope of a line drawn to extreme points on the hys-
teresis loops) were excellent at drift ratios up to 1.3%.
In this range, the computed and measured areas within
the hysteresis curve did not compare well because of
the sensitivity of the total area, that was small, to small
changes in the defining curves. At drift ratios over 1.3%
the computed energy dissipation and mean stiffness had
maximum errors of 15% and 10%, respectively.
The loading history imposed on Specimen 7 is shown
in Figure 7d. The top of the specimen was forced to
travel in a horizontal plane in one direction at a time
so that the travel path was essentially “square” at each
level of applied displacement. The comparison of mea-
sured and calculated force–displacement relationships
was stopped at a drift ratio of 4%.
The measured and the calculated force–displacement
relations for Specimen 7, east–west (EW) direction, are
244 Do¨nmez & So¨zen
Fig. 6. Arrangement of reinforcement in specimens 5 and 7, tested by Otani and Cheung (1981).
presented in Figures 7e and f. Response is separated into
three groups on the basis of drift ratio attained: approxi-
mately 0.5%, 1.3%, and 2.5%. For each group peak-force
levels were in error by less than ±10%. Except for the
first group, the energy dissipation of the proposed model
was within ±15% of the measurements. The calculated
stiffnesses for the first two groups were within ±6% of
those measured. For the third group, the error increased
up to 17% because of the insensitivity of the material
model to the effects of confinement of concrete.
Several times through the loading history, the top
deflection of Specimen 7 was kept at a certain level
in one direction and was increased in the orthogo-
nal direction. Because of this loading scheme, sudden
drops were observed for the moment in the direction in
which the displacement was kept constant (Figures 7e
and f). The proposed algorithm response is sensitive
to this phenomenon and indicated similar drops in
moment.
The bidirectional resistance trace for both the mea-
sured and calculated responses are presented in Figure 8.
The calculated response was comparable to the mea-
sured response. Otani and Cheung (1981) mentioned
that the extreme traces in the north–west quadrant of
Figure 8 represented the limits of resistance of the col-
umn. The calculated traces exhibit a similar behavior at
the same locations defining the “yield surface.”
5.2 Dynamically loaded specimens
The purpose of Dragovich’s experiments (1996)
was to study the effects of the combined torsional-
translational loading in reinforced concrete. The
torsional-translational response was considered in terms
of dynamic and material coupling. A conceptual model
of the test specimens is given in Figure 9a. As illus-
trated in Figure 9a, the base motion along the X-axis
generates moments about Y and Z-axes, because of the
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Fig. 7. The displacement paths that the specimens were forced to follow and the measured and the calculated force–displacement
relations for Otani’s specimens.
eccentricity e, of the mass m. Configuration of the mem-
bers dictates the material coupling. Dragovich used two
different member configurations in the experiments. The
first configuration caused only dynamic coupling. As il-
lustrated in Figure 9b, the moment along the Y-axis was
resisted by the lower beam, and the moment along the
Z-axis was resisted by the upper beam. Since each beam
resisted moments along one axis, there was no mate-
rial coupling. The second configuration involved both
dynamic and material coupling. Moments about axes
X and Z were resisted by a single beam (Figure 9c).
This beam was subjected to randomly varying biaxial
bending.
The specimens were designed to observe the effect of
changes in three parameters: strength, mass distribution,
and material coupling. Specimen strength was varied by
changing the amount of longitudinal reinforcement in
the beam and the mass distribution was varied by chang-
ing the mass eccentricity along the Y-axis (Figure 9a).
Two values of the mass distribution and two values of the
beam section strength were used both for the materially
coupled and for the materially uncoupled specimens. A
total of eight specimens were tested.
The north–south component of the 1940 El Centro
earthquake record (California Institute of Technology,
1971) was used as the base motion. The time scale was
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Fig. 8. Measured and calculated biaxial moment traces of specimen 7.
Fig. 9. Dragovich’s specimens (1996).
compressed by a factor of two, to shift the region of
nearly constant linear velocity response closer to the fre-
quencies of the test specimens and to keep the deflections
of the earthquake simulator within its operational limits.
Each test specimen was subjected to three earthquake
simulations of increasing intensity to produce succes-
sively increasing levels of damage. The demand for the
first set of simulations was low. The specimen responses
were below yield level. The second sets of simulations
were used for comparisons with the calculated simula-
tions of the proposed model. During those tests the mem-
bers of the specimens reached drift ratios of 1% to 3%.
Comparisons are made in terms of maximum rotation,
rotation-history (waveforms), and the moment–rotation
hysteresis.
Measured and calculated rotation histories for the se-
lected materially coupled and uncoupled specimens are
presented in Figure 10. The mean ratio of the measured
to calculated absolute-maximum rotations for the cou-
pled specimens was 0.96. For the uncoupled specimens,
it was 0.90. Rotation histories of the specimens exhib-
ited phases of high and low responses. The agreement of
measured and calculated curves was highly satisfactory
for the high response phases (high response is character-
ized as having a drift more than half of the drift at yield).
For the low response phases, the agreement was not as
good. At low response especially after yielding, the cal-
culated rotations were sensitive to the assumed material
response. This response can be observed in the 4–6 sec-
ond and the 7–9 second intervals of the Y-axis response
in Figure 10b. The mean ratio of the measured and calcu-
lated absolute-maximum moments was 1.05 for the cou-
pled specimens and 1.12 for the uncoupled specimens.
The difference between the measured and the calculated
values were primarily attributed to strain hardening and
the strain-rate effects of the reinforcing bar.
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Fig. 10. Comparisons of the measured and the calculated rotation histories for Dragovich’s tests (a) materially coupled,
(b) materially uncoupled.
The biaxial-moment traces of measured and calcu-
lated responses of a coupled specimen are presented in
Figure 11. The loci of the measured (thin solid line) and
calculated (thin broken lines) curves fall in the same
regions. Both traces are seen to move along an axis
from the 2nd quadrant to the 4th quadrant. The calcu-
lated limiting moment–envelope curves for the coupled
specimens are also shown in the figure. Two moment–
envelope curves are shown, one representing the yield
of the first layer of bars and the other representing the
yield of the second layer of bars in tension. For all spec-
imens, the measured moments exceeded the calculated
moment–envelope curves. The difference was less than
15%. The excess moments were primarily attributed to
the strain hardening and to the strain-rate effects.
There is an interesting and revealing aspect of the
traces in Figure 11 showing the interaction of moments
in two orthogonal directions. As the measured moment
trace reaches the moment limit for the Y-axis at the
lower-right or upper-left parts of the moment envelope
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Fig. 11. Biaxial moment traces of the measured and the calculated responses of a coupled specimen and the calculated
yield envelopes.
curves, it is observed that the Y-axis moment stays es-
sentially the same but the Z-axis moment increases.
The calculated traces reproduce the same response. Ac-
cordingly, the “yield criterion” for biaxial moment is
observed to be better reproduced by a “rectangular
yield criterion” rather than by one having the shape
of a rhomboid implied by yielding of the first level of
bars.
It is also important to note that, in the measured re-
sponses of biaxially excited test specimens, two kinds
of “pinching” were observed. The first kind was the
type usually observed in uniaxially loaded elements re-
lated to slip or crack closing (Dragovich, 1996). The
second kind was due to the biaxial nature of the load-
ing. If the element had already yielded in direction-1, it
yielded in direction-2 at a lower moment but could regain
strength in direction-2, if the element was unloaded in
direction-1. As a result, slope of the moment–rotation
response could change from steep to nearly flat, back to
steep (Figures 12c and d), creating the effect which has
been described as “pinching.” The proposed algorithm is
sensitive to the pinching caused by material interaction
and provided a rationale for understanding the different
sources of “pinching” in hysteresis loops.
6 SUMMARY AND CONCLUSIONS
An algorithm was developed to determine the response
of reinforced concrete members subjected to biaxial
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Fig. 12. Measured and the calculated moment rotation
hysteresis (first two seconds) of Specimen CHS (coupled,
heavy, and strong), (a) and (b) Y-axis, (c) and (d) Z-axis.
ground excitation. The algorithm was based on nonlin-
ear hysteretic response of concrete and steel in terms of
their unit stress–strain properties and was tested using
data from static and dynamic tests with biaxial loading.
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In order to establish the sensitivity of the pro-
posed model to changes in input parameters under
dynamic loading, a sensitivity study was performed.
The sensitivity of the calculated results to changes
in parameters defining reinforcement was strong for
maximum-displacement, waveform, and periodicity. The
effect of the parameters defining concrete was weak
and limited to response at very low amplitudes. The
choices for reinforcing steel parameters have to be con-
sidered carefully in assembling a model for calculating
response.
Otani and Cheung’s (1981) data were used to test the
proposed hysteresis rules. Peak-force levels, mean stiff-
nesses, and hysteresis-loop areas were compared. The
calculated maximum force levels were within ±10% of
the measured values. At drift ratios beyond yield, cal-
culated energy dissipation (area of the loops) for each
specimen was within ±15% of the measured value and
the calculated mean stiffnesses were within ±10% of the
measured values.
Dragovich’s (1996) data were used to test the al-
gorithm in the dynamic environment and also to
study the effects of the combined torsional-translational
loading in reinforced concrete. Maximum rotation,
rotation-history, and the moment–rotation histories
were studied. The mean ratio of the measured to cal-
culated absolute-maximum rotations for the materially
coupled specimens was 0.96 and for the materially un-
coupled specimens, the mean ratio was 0.90. Rotation
histories of the specimens exhibited phases of low and
high response. Agreement of the measured and the cal-
culated curves was highly satisfactory for high response
phases. For the low response phases, the agreement was
not as good but satisfactory. The mean ratio of the mea-
sured to calculated absolute-maximum moments was
1.05 for the materially coupled and 1.12 for the mate-
rially uncoupled specimens. The difference between the
measured and the calculated values was attributed to
strain hardening and the strain-rate effects of the rein-
forcing bar.
The proposed algorithm provided a rationale for
understanding two aspects of behavior under biaxial
loading:
 The limits of the yield envelope in the two orthogonal
directions remain essentially constant but the shape
of the envelope changes from a near rhomboid, at first
yield, to a rectangle, when all the tension reinforce-
ment yields.
 In the tests, two types of “pinching” of the moment ro-
tation response were observed. Calculations revealed
that the first is related to concrete cracking and re-
inforcement slip as it has been observed under uni-
axial bending and the second is due to interaction
of moments in orthogonal directions under biaxial
bending.
Comparisons of the calculated and measured results
confirmed that the proposed algorithm was successful
not only in providing excellent estimates of the maxi-
mum force and displacement responses, a result which
has been achieved before, but also in leading to very
good estimates of the behavior of the biaxially loaded
reinforced concrete systems in all ranges of response.
Considering that the elements of the model are explicit
and simulate observed behavior of the materials in the
stress-strain domain, it is concluded that the proposed
algorithm provides a reliable basis for analytical assess-
ment of the biaxial deflection/rotation response of rein-
forced concrete structures.
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APPENDIX A
A.1. Concrete hysteresis model
The model for concrete hysteresis is illustrated in
Figure 1c. The limits of the compressive stress response
are bounded by Ritter parabola up to the peak stress
and a straight line joining the peak stress coordinates to
a point on the strain axis (Hognestad, 1951). The rules
for the bounds to the stress–strain curve for concrete are:
fc = 0.0 εc < εt (A1)
fc = Ecεc εt ≤ εc ≤ 0.0 (A2)
fc = f ′c
[
2
εc
εco
−
(
εc
εco
)2]
0.0 < εc ≤ εco (A3)
fc = f ′c[1 − (εc − εco)] εco < εc ≤ εcx (A4a)
εcx = 7εco,  = 1(6εco) (A4b)
fc = 0.0 εcx < εc (A5)
where
εt = ftEc , εco =
(
C1 fc ′
Ec
)
εt is the tensile strain corresponding to maximum tensile
stress. εco is compressive strain of concrete correspond-
ing to the compressive strength, fc ′. C1 is a constant de-
fined to be 2.0 based on experimental data.
Equation (A3) defines the second-degree curve ap-
proximation to the concrete stress–strain curve proposed
by Ritter (Hognestad, 1951). Equation (A4) defines the
variation of the compressive stress capacity of uncon-
fined concrete beyond the strain, εco. The rules for cyclic
loading are also illustrated in Figure 1c. Unloading and
loading within the envelope curve follows a straight line,
connecting the unloading point on the envelope (εcen,
f cen) and the loading point (εcp, 0.0). The strain εcp that
corresponds to the unloading point is computed from:
εcp = εco
[
1
7
(
εcen
εco
)2
+ 1
8
εcen
εco
]
(A6)
Equation (A6) is a slightly simplified version of the un-
loading rule proposed by Karsan and Jirsa (1969). The
unloading from the envelope curve is illustrated by line
CF in Figure 1c. If the unloading continues and the con-
crete has not been previously cracked, travel follows line
FH with a slope equal to Ec to position H defined by the
tensile strength of the concrete. Further travel will drop
the stress to zero to follow path HLG. If the concrete
is previously cracked, the unloading path follows FLG.
Loading follows the path used in the most recent un-
loading. However, if the concrete is cracked, the loading
path is GLFC. If loading continues beyond the last posi-
tion on the envelope (εcen, f cen), the loading follows the
envelope curve. If compressive strain goes beyond εcx,
concrete stress becomes zero.
The concrete surfaces bounding a crack, on being com-
pressed together, may not have a perfect fit. Conse-
quently, raised portions on each bounding surface are
likely to make contact before the crack closes com-
pletely. Compression is developed before the strain, in
this case at point F, is reached. The path connecting G
to E in Figure 1c represents the early resistance gain
of the concrete during crack closing. Recognizing that
there is a range of “incomplete contact” before complete
contact occurs, a set of hysteresis rules to simulate this
phenomenon was selected. These rules are described in
reference to Figure 1d. The detailed plot in Figure 1d
shows a portion of the stress–strain curve for the con-
crete. Point G is defined at a strain 6f t/Ec from point F,
which is assumed to be the strain at zero stress for the
most recent unloading from the envelope curve. If the
calculated strain goes to a strain to the right of point G,
upon reversal, the stress–strain relationship follows path
GE. The point E is located on the most recent unload-
ing from the envelope curve at a stress of f cen/5. If the
stress reverses again before reaching point E, unloading
is assumed to occur along line GE.
If, after unloading to point F, there is a stress rever-
sal before reaching point G, the loading curve makes a
beeline for point E, as illustrated by line G′E. Again, if
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there is another reversal within line G′E, unloading oc-
curs along line G′E. If point E is reached during loading,
unloading occurs along line CF.
A.2. Steel hysteresis model
The selected steel-hysteresis model is a modification of
the one developed by Stanton and McNiven (1979). It
is a variable-parameter type model and based on the
Menegotto–Pinto curves. A typical M-P curve is illus-
trated in Figure 1b by the curve AB. The formulation
is
σ ∗ = bε∗ + (1 − b)ε
∗
(1 + ε∗R)( 1R)
(A7)
where
ε∗ = ε − εr
εo − εr , σ
∗ = σ − σr
σo − σr
b = E2
E1
, E1 = σo − σr
εo − εr
b is the ratio of the slopes of the primary curve and the
asymptote. E1 is the slope of the primary stiffness curve.
Before the first reversal, the results of the M-P model
are similar to those of the bilinear steel model. If the fiber
has not yielded in either direction, travel occurs along
the primary curve (Figure 1b). After the first yield, in
either direction, travel occurs along the secondary curve
(Figure 1b). At the first unloading from the secondary
curve, travel follows M-P curves. Primary curve, asymp-
tote (secondary curve in Figure 1b) and the transition
parameter R have to be defined for constructing an M-P
curve. The primary curve and the asymptote need two
points for their definitions, the point of reversal (εr, σ r)
and the point of intersection for the primary curve and
the asymptote (εo, σ o). The point of reversal is the un-
loading point. Consider the reversal point (εr, σ r) in
Figure 1b. A tangent, with slope E1, is drawn at point
(εr, σ r). This tangent crosses the strain axis at εz. The ini-
tial bilinear loading curve is shifted so that its origin is at
point εz. The tangent drawn at point (εr, σ r) is extended
to intersect with the shifted curve. The point of intersec-
tion (εo, σ o) becomes the new breakpoint for defining
travel in that direction. A new set of bounding curves
has to be defined at every reversal.
Values of E1 and R are defined by Stanton and Mc-
Niven (1979) based on experimental data. The stiffness
E1, is modified to have an initial modulus of 200,000 MPa,
E1 = 200000 − 744000εr
− 1400(1.0 − exp(−390.0εr )), in MPa (A8)
E1 ≥ 152000, in MPa
Definition of the R is modified by adding constant, C2
to the original form and it is selected as 17 based on the
experimental data obtained by Aktan (1973),
R = rσy
C2
(A9)
where, r = 0.51 − 7.53εpmax c in tension, (A9a)
r = 0.48 − 4.36εpmax t in compression (A9b)
There are several advantages of using the M-P curves.
A model based on the M-P curves is computationally
economical in this application, because stress is com-
puted from strain. It is explicit. Distinct characteristics
of the steel hysteresis can be captured with the parame-
ters of the M-P curves. This permits the manipulation of
the parameters independently. In addition, the parame-
ters can be obtained conveniently from steel hysteresis
tests (Stanton and McNiven, 1979).
APPENDIX B: STEPS OF THE ITERATIVE
PROCEDURE FOR CALCULATION OF
MOMENT–DEFLECTION RELATIONSHIP
Before starting the iteration cycle, the following parame-
ters need to be available. These parameters are refreshed
after reaching convergence in every step.
 Curvature φY and φZ along axes Y and Z (Figure 2b).
 Moments MY and MZ along axes Y and Z (Figure 2d).
 Length of the “yield region,” dyr (Figure 2a).
 Displacements dY and dZ along axes Y and Z.
Step 1: Estimate incremental curvatures using the re-
lation between incremental displacement and
the curvature for a linearly elastic member.
φY = 3dZL2 , φZ =
3dY
L2
(B1)
Step 2: Calculate the direction of curvature using the
curvature values obtained by adding the cal-
culated curvature increments to the values at
the beginning of the step. The direction of de-
flection is orthogonal to the direction of the
curvature (Figure 2b).
Step 3: Calculate the incremental moments (in the Y
and Z directions, Figure 2d) on the section us-
ing the equilibrium of forces normal to the
section.
Step 4: Calculate the new length for the “yield region”
of the member using the incremental moments
calculated in Step 3. The “yield region” length
is calculated using the moment reached with
the latest increments and the yield moment in
the direction of the current moment. If the new
length is larger than the current length refresh
the length with the new value, otherwise retain
the old value.
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Mcalc =
√
(MY + MY)2 + (MZ + MZ)2
(B2)
dyr = (Mcalc − MYθ )( Mcalc
L
) (B3)
The yield moment in the current direction
is calculated by assigning the yield strain to
the bar that is furthest from the neutral axis
(Figure 2d). After obtaining the “yield region”
length, separate it to its components along axes
Y and Z, Ly and Lz.
Step 5: Calculate the moments at the end of the “yield
region.”
Step 6: Using the simplified moment–curvature rela-
tionships (observing that the dependence of
the moment–curvature relation to the loading
history is weak up to the yielding and can be
simulated, a simplified relation is utilized as
shown in Figure 2c) and the moment values
obtained in the Step 5, calculate the curvatures
at the end of the “yield region,” φY 1 and φZ1.
Step 7: Calculate the flexural deflections, using the as-
sumed curvature distributions obtained (Fig-
ure 2a).
Step 8: Calculate the deflection caused by the bar slip.
Step 9: Calculate the shear deflections.
Step 10: Add the deflection components calculated at
Steps 7–9 to determine the total deflection. In-
cremental deflection is the difference between
the deflection calculated and the deflection at
the beginning of the increment.
(dY)calc = (dY)calc − dY (B4)
(dZ)calc = (dZ)calc − dZ (B5)
If the calculated deflection increments are
within the convergence limit of the given de-
flection increments, the iteration process for
the step is stopped. Otherwise, new curvature
increments are estimated using the following
formulation.
(φY)new = dZ(dZ)calc
φY
,
(φZ)new = dY(dY)calc
φZ
(B6)
Steps 2–10 are repeated until acceptable convergence
is reached. This procedure requires a series of iterations
of assuming a curvature increment and arriving at an in-
cremental displacement. The needed convergence is as-
sumed to have been achieved, if the calculated deflection
increment is within 0.0025 cm. of the incremental deflec-
tion. For the time increments used, the typical displace-
ment increment value in the nonlinear range is 0.2 cm.
The distribution of the curvature along the span is set by
the magnitude of the assumed curvature. In successive
iterations, the curvature changes and its distribution may
also change. It may be noted that the numerical proce-
dure outlined above give results that are independent
of the step size. However, the number of iterations re-
quired to predict the correct curvatures and the neutral
axis depth to satisfy the axial stress equilibrium increase
with larger step size.
APPENDIX C: NOTATION
C2 = 17, based on experimental data obtained
by Aktan (1973).
E2 = Slope of the asymptote (Figure 1b).
Ec = Young’s Modulus of the concrete.
L = Length of the member.
Mcalc = Magnitude of calculated moment vector.
MYθ = Yield moment in the current direction.
R = Parameter defining the transition of travel
from the primary curve to the asymptote.
(dY)calc = Calculated deflection along the Y-axis.
dyr = “Yield region” length.
(dZ)calc = Calculated deflection along the Z-axis.
f c = Compressive stress of the concrete.
f ′c = Compressive strength of the concrete.
f t = Tensile strength of the concrete.
(dY)calc = Calculated deflection increment along
the Y-axis.
(dZ)calc = Calculated deflection increment along
the Z-axis.
dY = Given incremental deflection at the free
end of the member along Y-axis.
dZ = Given incremental deflection at the free
end of the member along Z-axis.
øY = Guess for the incremental curvature along
Y-axis.
øZ = Guess for the incremental curvature along
Z-axis.
 = Constant that defines the descending slope
of the concrete stress–strain curve.
εc = Concrete strain.
εcen = Position of the maximum excursion on the
envelope curve (Figure 1c).
εcp = Concrete strain on the strain axis for un-
loading from the position of maximum ex-
cursion (Figure 1c).
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εcx = Maximum compressive strain of the con-
crete.
εo,σ o = Strain and stress coordinates at the in-
tersection of the primary curve and the
asymptote (Figure 1b).
ε
p
max c = The maximum plastic strain in a half loop,
in compression.
ε
p
max t = The maximum plastic strain in a half loop,
in tension.
σ = Steel stress.
εr,σ r = Strain and stress coordinates for the
M-P model at the reversal point (Fig-
ure 1b).
σ y = Yield stress of the steel.
